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Q-r Abstract. 

This report is based on review paper 0. Some aspects of differential and integral 
calculi on generalized grassmann (paragrassmann) algebras are considered. The inte- 
gration over paragrassmann variables is applied to evaluate the partition function for 
the Z p+ \ Potts model on a chain. Finite dimensional paragrassmann representations 
q ■ for GL q {2) are constructed. 

m ' 
o 

On 

Generalizations of grassmann algebras have been considered by many authors (see 
e.g. @-0 and references therein) ^from different points of view. Those generalizations 
were stimulated by investigations in 2D conformal field theories || || , anionic models 
and topological field theories which led to consideration of unusual statistics. The last 
one includes not only well known parastatistics [|J but also fractional and braid statis- 
tics [7|. We note also attempts to generalize supersymmetry to parasupersymmetry 



' [§j Hi- Our construction of paragrassmann algebras (PGA) with many variables || 10| 

^ ■ is a direct generalization of the Weyl construction [EH] for the grassmann Heisenberg- 



Weyl algebra. 

Let us consider the algebra n p+ i with two nilpotent generators 9 and d: 

= o = d p+1 , 9 P ^ , d p ± , (1) 

where p is a positive integer (usually called the order of parastatistics). The defining 
relation for this algebra is chosen such that one can push d to the right: 

de = b + b x ed + b 2 e 2 d 2 + ... + b p e p d p . (2) 

Here bi, b$ ^ are complex numbers restricted by consistency of eqs. ([!]) and @. For 
general values of {b^} one can transform the derivative as 



n=l 
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(cj are parameters) and reduce relations (0J), (0) to the simplest form (b — 1, bi — q 
and 6^ = for k > 2) 

86 = 1 + q6d , <9 P+1 = = # p+1 , (3) 
We call this version of PGA the g-version. In this case, we deduce 

de i = a l e i - 1 + q i e i d , (4) 

where 

1 — a % 

n, \ ■ q ■ ... ■ q' ; = ■ ' - ' ' 5 - 



1-q ^ - 

Equation d6 p+1 = is equivalent to the condition a p+ i = or q p+1 = 1 (g / 1) 
while the condition d p ^ requires a, ^ or q n+1 ^ 1 (n < p), i.e., g must be a 
primitive root of unity. Note that for p = 1 algebra (§) is isomorphic to the grassmann 
Heisenberg-Weyl algebra. 

The well known relations (|3]) and (Q) have been introduced in || by assuming that 
d is a differential operator satisfying a generalized Leibniz rule. It is clear that the q- 
version of H p+ i (||) is related to g-oscillators and quantum groups (see and references 
therein). This version is also useful for constructing PGA's with many generators 8j 
and dj (see below). The other useful versions of PGA (P, (|]) have been discussed in 

Fundamental representations of the operators 9 and d in the g-version have the 
form: 



mn = (m\9\n) = /3 n+1 8 m>n+1 , d mn = (m\d\n) = -^-5 m ^ n -i . (5) 

where m, n — 0, 1, . . . , p; $ ^ are arbitrary parameters, and we introduce the ladder 
of p + 1 states | n > defined by 

9|o) = o, \k)~e k \a) ,e\k) = p k+1 \k + i) . 

The dual states < m\ satisfy the conditions < m\n >= 5 m ^ n . From definition of vacuum 
|0 > one can obtain relations 

<0\d n 6 m \0>=6 n , m n q \ , (6) 
which will be needed below. We introduce also the operator 

g = d6-6d => g p+1 = l, (7) 
which generates automorphisms in PGA (0): 

gOg~ l = qO , gdg- 1 = q' 1 d . 

Using operator g we define the natural hermitian conjugation for the elements 9 and 
d of PGA: 

Q\ = Cg -^d , tf = 6g-V 2 C~ l , (8) 
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where g 1 ! 2 9 = q 1 ^ 2 9g 1 ^ 2 , g x l 2 d = q~ 1 / 2 d g 1 / 2 and invertible element C G n p+1 is 
chosen such that [C, 9 d] = 0. From eqs. (|7|), (Q) one can obtain = g^ 1 , and the 
conditions 9" = 9, d'' = d yield the relation C = C' . Now the first relation in (|3|) is 
rewritten in the form 

9* 9 - q 1/2 9 9* = g- 1/2 , 9* = C- 1 9K (9) 

As it has been shown in ||, one can put C = 1 for q = exp(27ri/ (p + 1)) and relations 
(|S]) coincide with the definition of Macfarlane-Biedenharn's g-oscillator [IBf. For other 
roots of unity q = exp(2nin/ (p+1)) (n = 2, . . . ,p), the condition of positive definiteness 
< 0\(9" f ) n 9 n \0 > > leads to the statement C ^ 1 0. In this case relations (g) define 
the modification of Macfarlane-Biedenharn's g-oscillator. 

Now we introduce an integral over paragrassmann (PG) variables which generalizes 
Berezin's integral over grassmann variables. Let us consider the algebra of PG numbers 
9 and 9: 

99 = q9 9, 9" +1 = = 9 P+1 . (10) 
An element of this algebra is represented as a function of 9 and 9 

/(M)= E —Jnm9 n T , (11) 
— 11 ' 

n,m=0 'V 

where is a matrix of complex numbers. 

Functions which depend only on 9 (or only on 9) are called holomorphic 

g(9) = j2g n e n =<9\g> , f(9) = £ // =< f\9 > . (12) 

n=0 n=0 

The natural definition of the left derivative with respect to 9 can be deduced from (||) 
and looks like 

dt>(g(9)) = jr(n) q 9ne n ~ 1 . 

n=l 

The requirement / d9 d\> (g{9)) = gives us the generalization of Berezin's integral for 
the PG case 

/ d9 9 n = x p S n>p , 

where x p is a complex number which will be fixed below. Analogous integral is postu- 
lated for variables 9: 

J ST = x p 5 n ,p & J d9d>(f(9)) = . 
Our aim is to find integral representation for the matrix elements @, i.e. 

< 0| d n 9 rn |0 >= J J d9 d9 9 n 9 m ^{9, 9) = 5 n , m n q \ , (13) 
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where fi(9, 9) is a measure function which must be defined. The 2-fold integral in (p~3| ) 
is understood as iterated: 

J do (| def(e^j 9 (o) . 

Note that for the primitive root q of unity we have the following identity: 

p 9 ! = (-l) n <T n(n+1)/2 V (p-n) q \. 

Using this identity one can find that relation (|T3|) is fulfilled only if we restrict numbers 
x p and x p by the relation x p x p = (p) q \ and choose the function // in the form 

MM) = £ Vrr = ™v q {-m ■ (14) 

n=o \ n )q- 

Thus, for two arbitrary holomorphic functions f(d) and g{9) we have the following 
integral representation: 

<0|/(9)^)|0>= J J d9d9f(9)g(9)ex Pq (-9 6) . (15) 

Then, from the natural conditions 

J J d9d9f{9)d>(g{9)fi{99)) =0= / J d9 d9d> (f{9) g{9) fi(9 9)) , (16) 

we derive (see [0]) the whole set of defining relations for the differential algebra n p+1 (2) 
on the PG plane (0) 

09 = q9d 1 d9=l + q9d, 9d = qd9, dd = qdd. (17) 

Here, we have to add the relations 

09 = 1 + q98 , d p+1 = = d P+1 , (18) 

postulated earlier. 

Note that integrals of the type ( pT3|) and fll5| ) for the nilpotent quantum plane ( |T0| ) 
have also been considered in where a slightly different differential algebra n p+ i(2) 
was proposed. 

Taking into account relations fllTD, (p!8|) we remark that evaluation of integral ( |T5| ) 
is equivalent to the action of a differential operator (d p W) 

d9d9f(9)g(9)ex Pq (-9 9) = —{SP d P ) > (f(9) g{9) ^(99)) . (19) 

Pq- 

The next point is that the differential algebra n p+1 (2) on the PG plane can be con- 
structed as a direct product of two differential algebras n p+1 (l) (TO on the PG line. 
Indeed, one can check that the operators 

9 1 = 9®l, 9 l =g®9, d x =d®\ ,dt = g' 1 ® d , (20) 
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satisfy eqs. fllQl), (|T7| ) and (|T8|). The explicit form of representations (|20|) gives us 
the idea how to extend the algebra n p+ i(2) up to the PG algebra n p+ i(2iV) with the 
2N + 2N generators {6*;, di, 9i, di} where i = 1,...,N. Indeed, by analogy with 
formulas fl2D|), generators of n p+1 (2iV) can be realized as: 



0i = G ai ® . . . <g> G^- 1 ® (0 ® 1) ® , 
% = G 6 i g, . . . G^- 1 ®(g®0)® , 

$ = G~ ai ® . . . ® g-^- 1 ® (5 ® i) ® i®^-*) , 

di = G- bl ® . . . ® G-^- 1 ® (g -1 ® 9) <g> l®(*-0 , 



(21) 



where / = 1 ® 1, G ai = g ai ® g ai , and components of the 2-D vectors di, 6j are equal 
to af, b% = ±1. 

Now, we show how one can apply PGA for the consideration of the Z p+ i Potts 
model on a closed 1-dimensional chain with N cites. This model is formulated in the 



following manner We assign spin a, to each cite i of the chain. This spin takes 
one of the p + 1 values, say 0, 1,2, ...,p. We consider the closed chain and identify 
o'n+i = 0"i • Then, the partition function for this model is defined as 



N 



Z{N) = £exp{tf S^n^n+l)} (22) 



<r n=l 

Here 



6(<Ti,<Tj) = 1 /or (jj = <Tj anc? <5(<7j,Oj) = for ^ <Tj , (23) 

K = J/T, J is a constant and T - temperature. The partition function (^) can be 
rewritten in terms of transfer-matrices (see 



Z{N) = Tr(V N ) = £ K li<72 K 2)(T 3 . . . , (24) 

where a transfer-matrix has the form 

Va n ,a n+1 = ( 1 + (x - l)S(a n , a n+1 ) ) , (x = exp(fO) . (25) 



Our aim is to demonstrate that the partition function fl22"|), (24) can be calculated by 
representing Z(N) in the form of 2iV-fold integrals over PG variables introduced above. 
As by product we obtain additional conditions on the defining relations of the algebra 
U p+ i(2N) , which fix this algebra completely. To perform this, we use the idea of grass- 
mann factorization method successfully applied to the solution of the 2-dimensional 
Ising model (see ||15|| ). More correctly, we formulate the direct generalization of this 
method to the case of PG variables. 

First of all, we note that the 5- function (p3|) is represented as a finite sum 



5(a, a') = -i- ± g™(— ') 
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where q = exp(2 i it j (p + 1)) - a primitive root of unity. After this, the transfer-matrix 
is written for the n-th cite in the form 



v„ n ,„ n+1 = / / de n de 



P j- V 
I'm. ™~ -xrri\ 



m =o m g- k=o 



(26) 



where we use formula (|TB|) and introduce the constants 



(p + x) (x - 1) 



, t n = — In > 1, 



(p+1)' (p+1) 



Now let us substitute ( |26"D in (|22|) and perform summation over spins ai with the help 
of identity (0 < k < p) 

it q ^ = (p + 1) 4,0 . 

CT=0 

As a result, we obtain the product of N 2-fold integrals (p6|) which we would like to 
rewrite into one 2A-fold integral over PG variables. It can be done if we choose the 
vectors a, = — hi in the definition of the algebra n p+ i(2A) ( fHf ). In this case, the 



partition function takes the form 



Z(A) = {p + l) N J ... J d0 1 d0 1 . . . dO N d6 N exp (— 6\6i) ■ ■ -exp (— On On) 

Using formulas (|T3|) and (|19"D one can calculate all PG integrals, which appeared in 
(|2"TD, and obtain the final result: 

Z(N) = (p+l) N ±C = (p + l) N (t»+pt?) = ((e K +p) N +p(e K -l) N ) . (28) 

m=0 

It is possible to check this result provided that matrix V has one eigenvalue (x + p) 
and p eigenvalues (x — 1). Let us note that cyclic symmetry of ( |2"7| ) with respect to 



the permutation of indices (1— > 2 — iV —> 1) (evident from representation fl2"4|)) 
becomes manifest if we put a* = 1 and af = —1. Thus, the algebra n p+ i(2A) ( |2"T| ) is 
fixed completely and defining relations acquire the form: 

0, 3 = q** +s * 0, Oi , dt dj = q e *i +S *J <), di , di 0, = q ' ' 0, <), + 6„ , 

t Q. = fa-Mi Q. Q. , di dj = q^ +S * dj di , d, Oj = q~^ Oj d t + , (29) 
0i 3 = q~^ 0, Oi , 8 % dj = q~^ d 3 - d t , di Oj = q e » Oj d t . 0, d 3 = <f - d 3 t , 
where €ij = +1 for i > j and = — 1 for i < j. 
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PGA with many generators ( p9|) gives us a possibility to define (with the help of 
integral (0)) the convolution product of two functions ( |TT| ) /M and / < - 2 - ) : 

f®(9 h 9 3 ) = / / de 2 de 2 f^\e u e 2 )f^(e 2 j 3 )^e 2 j 2 ). 



This convolution product is equivalent to the matrix product of the corresponding 
matrices of the coefficients = /J^ fj^- . An analogous convolution product of the 
function (|TT|) with holomorphic functions ( |12"D is equivalent to the action of a matrix 
on a vector or covector, while integral (|I5D is nothing but the contraction of the vector 
and covector. 

Let us introduce the PG coherent states < 9\ and \9 >, which can be defined by 
the equations 

d k \9 i >=\9 i >t i , <9i\9 k = 9* <9i\ . (30) 

Here, we use special notation 9 and d for the PG operators acting on the states 
< .|, |. >, to distinguish them from the PG numbers 9i, 9i and the corresponding 
derivatives d i7 <9j. We postulate the commutation relations 

§e i = q ^9 i 9 1 d9 i = q-^9 l d, 99i = q-t9i9, d9 i = q c 9 i d, 

where £ is a constant. In this case, one can construct coherent states ( |3~0"|) explicitly: 

P nk P ak 

k=o fc=o N- 

and check the relations (for all i) 

1 = E 7^^|0><0|9 fe = f f dOiSi \6i >< 6i\ niOiOi) . (31) 

fc=0 J J 

Let us consider the following operator: 

H=^2 h n 9 n (g- 1/2 d) n = h n q n{1 - n)/4 9 n g- n/2 d n , 

n=0 n=0 

(where h n are real numbers) as a Hamiltonian of a quantum mechanical system on the 
PG space. The hermitian property H = H* for this Hamiltonian can be verified by 
using the conjugation rules (||). The heat kernel 

< 6 \U(t) \9 N+1 >=< 9 \exp(itH)\9 N+1 > , 

is represented as an integral in the PG space 

< 0o I U(t) \9 N+1 >=/.../ dOiSi . . . d9 N d9 N exp,(-0i0i) . . .exp q (-9 N 9 N ) 

(32) 

< 9 \ U(A) \9 l > < 6>i| f/(A) |0 2 > . . . < 9 N \ U(A) \9 N+1 > , 
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where the interval of time t is divided into N equal parts A = t/N, and we use eq. 
d3TJ). In the limit N -> oo we obtain Q 



V am n' 

< 9,1 17(A) >= £ "MF <™ , (33) 



where 

U n(n+l-2m)/4" 
"n y 



t m ~ exp -iAm,! £ 



„=o I™ - n V 



Relation ( |33"D is deduced with the help of (p0|). After substitution of ( |33"] ) into ( |32| ) 
we obtain the formula which reminds expression fl27D for the partition function Z(N). 
The integral formula ([$2|) is universal and naturally appeared in other considerations 
related to the applications of PGA. We hope that, due to equations of the type 

ex Pq (9 2 ) exp ff (0!) = ex Vq (9 2 + 9 l ) (9 ± 9 2 = q9 2 9 l ) , 

and nilpotency of 0, and 0j, one can obtain for (|32|) the closed expression as a path 
integral in PG space in the continuous limit A — ► (for every case p — 2, 3, . . .). 

At the end of this report, we construct finite dimensional representations for the 
quantum group GL i/2(N), where iV = 2, by using the realization of their generators 
in terms of elements of PGA. We hope that this construction can be generalized to the 
case of arbitrary N. The elements a,b,c,d of GL 1/2(2) are usually arranged as the 

a, b 



2x2 matrix 7L = ' , , and commutation relations for these elements are fll6 

13 \ c, d r 1 



ab = q 1 / 2 ba, ac = q 1 ^ 2 ca, bd = q 1 ^ 2 db, cd = q 1 ^ 2 dc, , , 

bc = cb, [a,d] = (q 1 / 2 -q- l ' 2 )bc. { ] 

The following representation of the GL_i/a(2) generators in terms of the (/-oscillator 
89 = 1 + q9d (PG variables) can be obtained 

a = g a d, b = f3g 1 / 2 , c = 7 ^ 1/2 , d = (3^ (q 1 / 2 - q- 1 / 2 ) 9 g~ a , (35) 

where a, (3 and 7 are constants. The quantum determinant (central element for the 
algebra Fun (GL 1/2(2))) acquires the form 

det q i/2 (T) = ad — q 1 ^ 2 be = —q^ 1 ^ 2 (3 7 . 

The case of the group SL q i/2(2) corresponds to the choice det q i/2(T) = 1 and leads to 
an additional constraint on the parameters —q 1 ^ 2 . Now one can use the finite 

dimensional representations (|5|) for PGA and construct (with the help of (|35"D) the (p + 
1)- dimensional representations for the algebras Fun(GL q i/ 2(2)) and Fun(SL q i/2(2)) 
when q p+1 = 1. 

We note that formulas ( p5|) give also the realization of the groups GL q i/2(2) and 
SL 1/2(2) for arbitrary parameters q, if we do not require the nilpotency conditions for 
9 and d. The infinite dimensional representations of such g-oscillator define infinite 
dimensional representations of GL q i/2(2) and SL q i/s(2). These representations are 
related to those considered in \ \L% . 
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